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Endy, D. and Brent, R., Modelling cellular behavior, Nature, 2001.

M. Elowitz et al. Stochastic gene expression in a single cell, Science,
2002.

N. Guido et al. A bottom-up approach to gene regulation, Nature, 2006.
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zÆ�AXÚ

b���zÆ�AXÚ¥k N «�AÔÚ M ��A:

Michaelis Menten
1 : S1 + S2

c1−→ S3,

2 : S3
c2−→ S1 + S2,

3 : S3
c3−→ S2 + S4.

©fê X(t) = (X1(t), . . . , XN (t))
�A�Ç¼ê aj(x), L��Au)�¯ú.

G�UC�þ νj , ν1 = (−1,−1, 1, 0).

3���m�© dt S, �A j u)�VÇ� aj(X(t))dt; �
�1 j ��Au), G�UC X(t) → X(t) + νj .

X(t) ´�� Markov aL§.



SSA: Stochastic Simulation Algorithm

zÆ�AÌ�§ (CME)

∂

∂t
p(x, t) =

M∑
j=1

aj(x− νj)p(x− νj , t)−
M∑

j=1

aj(x)p(x, t).

°(�ª: SSA (Gillespie, 1976)

1 �½ t ���G� X(t), O��A�Ç¼ê aj(X(t)) ±
9 a0 =

∑M
j=1 aj(X(t)).

2 )¤ëê� a0 ��ê©Ù�ÅCþ τ , �e���A����m.

3 )¤ [0, 1] «mþþ!©Ù�ÅCþ u, é� k¦�,

k−1∑
j=1

aj(X(t)) ≤ ua0 <

k∑
j=1

aj(X(t)).

4 �#�mÚXÚG� X(t + τ) = X(t) + νk.



II. Tau-leaping �{

Ø�©Û

Yucheng Hu, Tiejun Li and Bin Min Local truncation error analysis of

tau-leaping methods: revisited, submitted to Commun. Math. Sci.

p°Ý�ª

Yucheng Hu and Tiejun Li, Highly Accurate Tau-leaping Methods with

Random Corrections, J. Chem. Phys., 130, 12., 2009.

Yucheng Hu, Tiejun Li and Bin Min, A Weak Second Order Tau-leaping

Method for Chemical Reaction Systems, In preparation.

f5¯K
Assyr Abdulle, Yucheng Hu and Tiejun Li, Chebyshev methods with
discrete noise: the τ -ROCK methods, J. Comp. Math., 28, 195-217,
2010.



Tau-leaping (Gillsepie, 2001)

ÑtD(°Ä� SDE

dX(t) =
M∑

j=1

νjPj(aj(Xt−)dt).

tau-leaping: Xn+1 = Xn +
M∑

j=1

νjP(aj(Xn)τ).
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Tau-leaping �Âñ5 (Rathinam et al., 2005; T. Li, 2006)

r��Âñ: E|Xn −Xtn |2 ≤ Cτ , τ = max δt.

f��Âñ: |Eg(Xn)− Eg(Xtn)| ≤ Cτ , τ = max δt.

Ù§U? tau-leaping �ª

¥: tau-leaping�ª (Gillespie, 2001)
Y = Xn +

τ

2

M∑
j=1

νjaj(Xn),

Xn+1 = Xn +

M∑
j=1

νjP(aj(Y )τ).

Ñt Runge-Kutta �ª (Burrage and Tian, 2003)

· · ·



f Taylor Ðm

Ã¡�)¤�: Lg(x) =
∑M

j=1 aj(x)
(
g(x + νj)− g(x)

)
.

f Taylor Ðm: Ef(X(t + h)) =
∞∑

n=0

hn

n!
ELnf(X(t)).

Äuk�ã�Ðm�éA (ODE, k�ä, SDE, S-ä)

n=0 n=1 n=2

i i j i

j

j i

L(2)f = aiajf
ij + aja

j
if

i + aja
j
if

ij .



�N5©Û

¥: tau-leaping �ªéuÏ"Cq���N.

s-?Ñt Runge-Kutta �ªéÏ"�õ 2 ��N, 
ép�
Ý�õ 1 ��N.

Yucheng Hu, Tiejun Li and Bin Min, submitted to Commun. Math. Sci.

´ÄU
�Op�°Ý��ª?

�Å���ª, éÏ"Ú�����N.
Yucheng Hu and Tiejun Li, J. Chem. Phys., 130, 12., 2009.

F/���ª, é��Ý���N.
Yucheng Hu, Tiejun Li and Bin Min, In preparation.
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Xn+1 = Xn +
M∑

j=1

νj(rj + r̃j).

pd�Å�� tau-leaping

1 �)Ñt�ÅCþ rj = P (aj(Xn)τ).

2 �)pd�ÅCþr̃j ,

Er [r̃j ] =
τ

2

M∑
k=1

rkηjk +
τ

2

∑
ηjk<0

(
ak

aj

rj − τak

)
ηjk ,

Varr [r̃j ] =
τ2

2

M∑
k=1

ak|ηjk|.;

3 �#�m tn + τ ÚXÚG�
Xn+1 = Xn + ν · (r + r̃).

= +

r̃1

r̃2

·
·
·
r̃M

r∗1
r∗2
·
·
·
r∗M

r1

r2

·
·
·
rM

éÏ"Ú��

���N.



F/���ª

/�
 D. Anderson and J. Mattingly, A weak trapezoidal method for a class of
stochastic differential equations, 2009.

th

ak(X tn)

(a)

th

ak(X tn)

(b)

���
���

th/2

ak(X tn)

(c)

h/2

ak(X *)

�
�ak(X (t))ak(X (t)) ak(X (t))

F/�� tau-leaping

éu�½� θ ∈ (0, 1), -α1 = 1
2(1−θ)θ

, α2 =
(1−θ2)+θ2

2(1−θ)θ
. �½ Xn, UXe�ªO� Xn+1,

1. X
∗

= Xn +
M∑

j=1

νjP(aj(Xn)θτ),

2. Xn+1 = X
∗

+
M∑

j=1

νjP
((

α1aj(X
∗
)− α2aj(Xn)

)+
(1− θ)τ

)
.



ê�'�— XÚ 1: S → 2S
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ê�'�— XÚ 2

Michaelis-Menten

1 : S1 + S2
c1−→ S3,

2 : S3
c2−→ S1 + S2,

3 : S3
c3−→ S2 + S4.

c = (1× 10−4, 0.5, 0.5).
a(x) = (c1x1x2, c2x3, c3x3).
X0 = (1000, 200, 2000, 0).
�[��m«m� [0, 6].
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f5¯K�Ûª tau-leaping

dX(t) =

M∑
j=1

νjaj(X(t))dt +

M∑
j=1

νj

(
P(aj(X(t))dt)− aj(X(t))dt

)
= f(X(t))dt + dQ(t).

Ûª tau-leaping (Rathinam et al., 2003)

1 �½ tn ���G� X(tn), O��A�Ç¼ê aj(X(tn)).

2 �)Ñt©Ù�ÅCþ P(aj(Xn)τ), j = 1, 2, · · · , M ¿O�

Q(Xn, τ) =

M∑
j=1

νj

(
P(aj(Xn)τ)− aj(Xn)τ

)
3 ¦)Ûª�§

Xn+1 = Xn + f(Xn+1)τ + Q(Xn, τ).



Chebyshev �{

ODE : Lebedev, 1994; Abdulle and Medovikov, 2001.

SDE : Abdulle and Cirilli, 2008; Abdulle and Li, 2008.

Tau-ROCK (_� tau-ROCK)
�½ tn ���G� X(tn), À½��'���Ú� δt.
S��O� Km:

K0 = Xn, K1 = K0 + τ
ω1

ω0
f(K0),

Kj = 2τω1
Tj−1(ω0)

Tj(ω0)
f(Kj−1) + 2ω0

Tj−1(ω0)

Tj(ω0)
Kj−1 −

Tj−2(ω0)

Tj(ω0)
Kj−2,

j = 2, . . . , m − 1,

Km = 2τω1
Tm−1(ω0)

Tm(ω0)
f(Km−1) + 2ω0

Tm−1(ω0)

Tm(ω0)
Km−1 −

Tm−2(ω0)

Tm(ω0)
Km−2

+
M∑

j=1

νj

(
P(aj(Km−1)τ)− aj(Km−1)τ

)
.

�#XÚ�m tn + τ ÚG� Xn+1 = Km. (Assyr Abdulle, Yucheng Hu and Tiejun Li, J. Comp. Math.,
2010.)
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XÚ 1

S + E c1−−→ ES,

ES c2−−→ E + S,

ES c3−−→ E + P.
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c3 = 10 0.15 300 0.0833 0.25 180

c3 = 100 0.05 9000 0.0313 0.25 180

c3 = 103 10−5 4.5× 106 0.0086 0.25 180

c3 = 104 2.5× 10−6 1.8× 107 0.0024 0.25 180
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S1 
 S3,

S1 + S2 → S1 + S4.
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SSA tau-ROCK _� tau-ROCK

X1(0.01) 72.95 1422.20 23.70

X2(0.01) 2.22 2.18 2.19
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Boosting

·Ü�{

Boosted ·Ü�{

Yucheng Hu, Assyr Abdulle and Tiejun Li, Boosted Hybrid Method for

Solving Chemical Reaction System with Multiscale in Time and

Population, In preparation.
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�A�Ç

ú�A: ¦, ©¨
¯�A: Î¦, �¦

�AÔ©fê

DNA, RNA: 1, 10
�x�: 103

�©f: 109

·Ü�{: U?
 Haseltine & Rawlings ��{ (JCP, 2002).
[²ï�Cq: Slow-scale SSA (Cao, Petzold and Gillespie, JCP, 2005),
nested-SSA (E Weinan, Liu, D and Vanden-Eijnden, JCP, 2005), boosting.



Boosting

{ dx
dt = f(x, y),
dy
dt = 1

ε (y − φ(x)).
=⇒ dx

dt = f(x, φ(x)) , F (x).

Boosting (Eric Vanden-Eijnden, Comm. Math. Sci., 2007):
ε = 10−6 → ε = 10−3

S1 
 S2,
S1 
 S3.

c′j = κcj , j �¯�A, κ ≤ 1.

1

τ

∫ τ

0

aj(X(s))ds ≈ 1

T

∫ T

0

aj(X(s))ds =
1

λT

∫ λT

0

aj(X(s/λ))ds

� Slow-scale SSA Ú Nested SSA �', Boosting ¢y��B.



Boosted ·Ü�{
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S1 + L1 
 S2 + L2, S1 
 S3, L1 
 L2, L1 → 0.
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2M 
 D, θ0 + D 
 θ1, θ0 → θ0 + M, θ1 → θ1 + M, M → ∅.
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SSA: 2 ���, Boosted ·Ü�{: 23s.
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∅ → A,

A + E → EA,

EA → B + E,

B → ∅.

∅ → A,

A → B,

B → ∅.

Yucheng Hu, Assyr Abdulle and Tiejun Li, In preparation.



IV. Jw�+NüzÄåÆ

Ü�ö: ÁUj, oc�, 
fð, ê�², Ü�,

�µ0�

ïázÆ�A��.

$^·Ü�{�[

Tianqi Zhu, Yucheng Hu , Ziheng Yang, Dexing Zhang, Tiejun Li and
Zhiming Ma, Efficient Simulation under a Population Genetics Model of
Carcinogenesis, In preparation.



A^: Jw�+NüzÄåÆ

�µ

Jw´�«ÄÏ;¾. �~[��)�ÉÅN
�N�, 
J[�K¬Ã�E�.

�þ (106 ∼ 109) [�+N��m (A�
c) �üz(J.

üzL§dâCÚÀJ°Ä, ���©�+N
üzL§aq.

Beerenwinkel et al., Genetic progression and
the waiting time to cancer, PLoS Comput.
Biol., 2007.

Durrett et al., A waiting time problem arising
from the study of multi-stage carcinogenesis,
Ann. Appl. Prob., 2009.

Ashkenazi et.al, Neoplasia Vol.
10, No. 11, 2008.



ïá�.

üz�. (Moran �.)

�Ä N�[�|¤�+N, Uìâ
Cê8ò[�©� 0-a, 1-a, . . . ,
m-a, Ð©��� 0-a[�.

[��¹ëê� 1 ��ê©Ù�
m, ,��#[���, #[��a
.l�c�+N¥±ÀJX

ê si ��­�Å)¤.

i-a[�±�Ç µi âC�

(i + 1)-a.

�+N¥Ñy1�� m a[��
Jw�).

zÆ�A�.�£ã

XÚG�:
X(t) = {x0, x1, · · · , xm}, xi L

«i-a[��ê8,
X(0) = {N, 0, . . . , 0}

�A: j-a[�� j′-a[�O�,
ajj′ = xjsj′xj′/

∑m
l=0 slxl,

νjj′ = ξj′ − ξj .

�A: i-a[�âC, ai = µixi,
νi = ξi+1 − ξi.

Tm = inf
t
{xm(t) > 0}.
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���m Tm �ÚO��ã'�, �: N = 103, m: N = 105.



ê�(J: �Ç

�Ñ�m

N = 103 N = 104 N = 105 N = 106

SSA (sec.) 6 111 1595 19414
Hybrid (sec.) 5 19 46 83

²þÚ�

N = 103 N = 104 N = 105 N = 106

SSA 3.13E-3 3.67E-4 4.46E-5 5.45E-6
Hybrid 0.0108 0.0104 0.0102 0.0101
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äkÀJ`³�âCa.Åì��yka., +N¥a.�'~
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uÐ�@é tau-leaping �{�Ø�©Ûóä.

�O
pd�Å��ÚF/�Å��üap°Ý�ª.

}Á
^ Chebyshev �{¦)f5¯K.

mu
äkg·AA:� Boosted ·Ü�{, Up�¦
)Ü©õºÝ¯K.

^·Ü�{p��[
�5��Jw+NüzÄå
Æ�..

��!

Ø©Ú ppt �±l http://dsec.pku.edu.cn/∼huyc/ þe1.


