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Abstract

A new coupled model in the binary alloy solidification has been developed. The model is
based on the cellular automaton(CA) technique to calculate the evolution of interface governed by
temperature, solute diffusion and Gibbs-Thomson effect. The diffusion equation of temperature
with the release of latent heat on the solid/liquid (S/L) interface is valid in the entire domain.
The temperature diffusion without the release of latent heat and solute diffusion are solved in
the entire domain. In the interface cells, the energy and solute conservation, thermodynamic and
chemical potential equilibrium are adopted to calculate the temperature, solid concentration, liquid
concentration and the increment of solid fraction. Comparing with other models where the release
of latent heat is solved in implicit or explicit form according to the solid/liquid(S/L) interface
velocity([21], [23]), the energy diffusion and the release of latent heat in this model are solved
at different scales, i.e., the macro-scale and micro-scale. The variation of solid fraction in this
model is solved using several algebraic relations coming from the chemical potential equilibrium
and thermodynamic equilibrium which can be cheaply solved instead of the calculation of S/L
interface velocity. With the assumption of the solute conservation and energy conservation, the
solid fraction can be directly obtained according to the thermodynamic data. This model is natural
to be applied to multiple(> 2) spatial dimension case and multiple(> 2) component alloy. The
morphologies of equiaxed dendrite are obtained in numerical experiments.
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1 Introduction

During the last two decades, many numerical models have been developed to understand the evo-
lution of dendrite’s growth in solidification of alloys as an alternative approach from experimental
techniques([1], [2]) and analytical models([3]-[7]). Those numerical models developed for simulating
microstructure evolution in solidification of alloys are classified into two groups: deterministic and
stochastic models. Phase field models(PFM)([8]-[13]) have been known as one of the most adequate
deterministic models for directly simulating the dendrite’s growth. Other valuable tracking methods
of S/L interface, that can be used for simulating dendrite’s growth, are described in details in [14]
and [15]. Stochastic method such as the Monte Carlo method or the cellular automaton have been
applied to the prediction of macrostructure grain structure. The Monte Carlo method ([16], [17]) has
been used to predict the solid-state transformation such as crystallization or grain structure, whilst
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the cellular automaton model that account for the dendrite’s growth kinetics has been applied to
simulate the solidification grain structures and the columnar to equiaxed transition.

The main idea of cellular automaton model is as follows. The whole domain is triangulated into
cells. All the cells are divided into three class: solid cells, liquid cells and interface cells corresponding
to solid fraction 1, 0 and in the open interval (0,1). The governing equations of temperature and
solute concentration are solved in the whole domain. The S/L interface is assumed to be located in
the interface cells. The solid fraction in the interface cells are updated whenever the temperature and
solute concentration there are changed. When the solid fraction in the interface cells is updated to 1,
it is set to be solid cells. The new solidified cells will capture some neighboring liquid cells according
to certain rules and set them as interface cells. It is then clear the cellular automaton model have
three parts in the whole algorithm: (i) solving the governing equations of temperature and solute
concentration; (ii) updating the solid fraction in the interface cells; (iii) capturing the liquid cells
neighboring the new solidified cells as interface cells.

Brown et al [18] and Sasikumar et al [19] tried to simulate thermal dendrites using the cellular
automaton. The effect of thermal diffusion, undercooling and surface tension etc, on the morphology
of thermal dendrites, are researched.

Dilthy et al [20] developed models for thermal and solutal dendrites. Their simulated results were
visually compared with experimental microstructure obtained in welding with remarkable agreement.
Their models included a methodology to reduce the artificial anisotropy of the CA mesh. The model
for solutal dendrites does not incorporate the solution of heat equation. Consequently, a temperature
gradient was imposed to simulate constrained growth.

Nastac [21] developed a model for solutal dendrite that is able to reproduce the same qualitative
features as previous model. Moreover, it solves the heat equation enabling the simulation of con-
strained and unconstrained growth. The model can simulate the columnar-to-equiaxed transition,
showing the complex interactions between growth dendrites in the same melt.

Jacot et al [22] proposed a pseudo-front tracking technique for the modelling of solidification
micro-structures in multi-component alloys. Cell capture like CA model is also used, but the S/L
interface in interface cells was explicitly tracked to calculate the curvature undercooling according
to solid fraction. Solid fraction in the interface cells was calculated by level rule method instead of
the calculation of the S/L interface velocity. Moreover, hexagonal mesh was used to reduce artificial
anisotropy. The agreement was shown by comparing their model with PFM, but their results are
based on the assumption of uniform temperature on the scale of calculated domain.

Beltran-Sanchez et al [23] reconsidered the quantitative capability of CA model and simulated
the columnar-to-equiaxed transition, showing the complex interactions between dendrites. Moreover,
mesh independency was obtained if the curvature was calculated in a local meaning, instead of em-
pirical formula, such as cell counting proposed by Nastac [21], etc. But their model is limited only to
the simulation of dendrites in binary alloys systems.

All those works assumed there is a clear S/L interface in the domain under consideration. Certain
evolution mechanism of this S/L interface should be adopted. The updating of the solid fraction in
the interface cells is then calculated according to the S/L interface. The assumption of a clear S/L
interface requires some cell resolution operations either explicitly or implicitly.

In this paper, a new coupled model for the simulation of crystal growth in alloy systems based on
cellular automaton model has been developed. The solution methodology is performed at two scales
level. At the macro-scale level, the temperature diffusion without the release of latent heat and solute
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Figure 1: Schematic representation of solidification domain 2.

diffusion are solved in the entire domain using general numerical scheme for parabolic systems. At
the micro-scale level, the temperature, solid concentration, liquid concentration and the increment of
solid fraction are solved by solving the algebraic equations from the energy and solute conservation,
chemical potential equilibrium and thermodynamic on the S/L interface. Different from other models
where the release of latent heat is solved in implicit or explicit forms, the energy diffusion and the
release of latent heat in our model are solved at different scales, i.e., the macro scale and micro scale.
Moreover, the increment of solid fraction in this model is very easy to solve, instead of calculating
the S/L interface velocity([21], [23]). It is trivial to extend this model to any multi-component alloy
system and to apply directly to any spatial dimensional case if the thermodynamic data are known.

The paper is organized as follows. The mathematical description of the model is presented in
Section 2. The numerical scheme is described in Section 3. In Section 4, both two dimensional and
three dimensional equiaxed dendrite are showed. Conclusions are presented in Section 5.

2 Governing Equation of the Solidification Process of Binary Alloys

To describe the dendrite’s solidification process in a binary alloy on a given rectangle domain (see
the model in a restricted two dimensional domain in Figure (1)), the following physical quantities
should be resolved during the process: the temperature T, the solid solute concentration Cg, the
liquid solute concentration Cr and the solid fraction fg, which tells how much part of the alloy is
solidified.

The equations that describes the physics of the solidification process then are as follows. Temper-
ature 7" in  (heat diffusion equation)
oT 0
Pep 5y :KAT+pL£, in (2.1)
where ¢ is time, p is the density, c, is the specific heat, K is the thermal conductivity, L is the latent
heat of solidification. For simplicity, we denote the liquid fraction as fr := 1 — fg. The following
boundary condition at the walls of the domain is adopted:

—KVT -n=h(T —Ts) (2.2)



where n is the unit out normal to the wall, A is the coefficient of heat transfer by conduction, and
Ty is the environment temperature. Concentration (C) in Q (solute diffusion equation):

[‘)a% =V(DrVCL), in the liquid phase (2.3)
% = V(DsVCs), in the solid phase (2.4)

where Dy and Dg are the liquid and solid diffusion coefficient, respectively. Zero flux boundary
conditions are applied at the four walls of the simulation domain €.

Above equations are not closed because there should be boundary conditions between the liquid
phase and solid phase for the solute diffusion equation. The diffusion equations for the solute concen-
tration in the liquid phase and solid phase can be combined together to obtain the governing equation
for solute C' = fsCs + frCp as

oC
ot =V(fLDLVCL) + V(fsDsVCs), inQ (2.5)

which is valid on the whole domain. The derivation of (2.5) can be found in [26].

On the S/L interface, the physics of the solidification process can be described by chemical po-
tential equilibrium and the thermodynamic equilibrium. If the discrepancy from the equilibrium
solidification is not so dramatic, the chemical potential equilibrium gives a linear relationship of the
liquid solute concentration and solid solute concentration

Cs = kCj (2.6)

where k is the equilibrium partition coefficient. The superscript * means at the S/L interface.

Assume local thermodynamic equilibrium at the interface, the interface temperature 7* and liquid
solute concentration satisfies

T* = TF? + (C; — Co)mr, — Thf (e, 0) (2.7)

where () is the initial concentration, Tf7 @ is the equilibrium liquidus temperature at the initial
composition, my, is the slope of the liquidus, I' is the Gibbs-Thomson coefficient, x is the curvature
of S/L interface, 0 is the angle of the preferential growth direction with respect to a referential axis,
¢ is the angle of the normal to the interface with respect to the same axis, and the anisotropy of the
surface tension is described by function f(p,#), which is proposed by [23]:

flp,0) = (1/3.19)(—0.117 cos(4(¢ — 6))
—0.163 cos(8(¢ — 0))
—0.0358 cos(16(p — 6)) + 3.19)

where

1 dfs )0z
\/(0fs/0x)? + (9fs/9y)?

For the grouth of four-fold symmetry of the cubic crystal, 6 takes from —m/4 to /4. (2.7) is in fact
the linear approximation of the thermodynamic data. The interface temperature T* is also affected
by the S/L interface velocity, which can be omitted at very low solidification velocity.

@ = cos™ (2.8)




3 The Model and Numerical Schemes

A basic difference of our model from others is the release of latent heat is not involved in govern-
ing equation of the temperature. The computation domain € is triangulated into square cells of
dimensions small enough to resolve the dendrite features of interest. The detailed description of CA
technique can be found in [20] and [21]. The geometry of the cells is square. Each cell has three pos-
sible states: liquid, interface or solid. The preferential growth direction is aligned with the direction
of cells, i.e., # = 0 or 7/4, neighbor capture rule as in [23] is adopted.

3.1 Temperature and Solute Diffusion - Macro-scale Level

Let us introduce some finite difference notations at first for simplicity

Yit1/2,5 — Yi—1/2,5

D;Cui,j = Az
Do+ = Uij+1/2 — Wij—1/2
yUij = Ay
D2y, . e Witlg T 2yt Uio (3.9)
x '] T A.(L'Q
D2y e Wil T 2 F Ui
yheg T Ay2
Apuij = D2u;;+ D2u;;
hUgj = x 4,7 Y ts]

The temperature diffusion equation (2.1) without the release of latent heat pLaaitS is solved using
backward Euler scheme in temporal direction and central finite difference scheme in spatial direction

as
T.("‘H'l) _ T(n)

%] 2V (n+1)
St KA, (3.10)

where At is the time step size and Az, Ay are the spatial step size in £ and y direction. In our
computation, Az and Ay are equal. The resulted linear algebraic system is solved with an algebraic
multigrid solver(AMG). The latent heat is calculated in the micro-scale level in next subsection.

The solute diffusion equation is discretized directly with forward FEuler scheme in temporal di-
rection and central difference scheme in the spatial direction. Explicit scheme is adopted, different
from the scheme of the temperature diffusion equation, because the diffusion coefficient for the solute
is much smaller than that of the heat. The quantity crossing the interface cells are calculated with
simple algebraic average. The discretized equation is then as

n+1 n
ot — ¢

— 7 = DalFsuj + Frij) + Dy(Gsiij + Griiy)
Fei;, — Ds Isii-1/2, 42' Isiiv1/2, ché'?i),j
Fii, - Dy fryic1/2, ;‘ Trsit1/2, chg;li),j (3.11)
Gsis — Ds Isij—172+ Fsiij1/2 Dng?i),j
Gri; = Di frij-1/2 ;‘ TLiij+1/2 Dycg;),j



3.2 Chemical Potential and Thermodynamic Equilibrium - Micro-scale Level

After the calculation of the temperature T' and concentration C' at the macro-scale level, the temper-
ature, solid concentration, liquid concentration and the solid fraction should be adjusted to satisfy
chemical potential equilibrium (2.6) and thermodynamic equilibrium (2.7). The philosophy in this
model is: if the energy, the solute and curvature undercooling at an interface cell is given, the solid
fraction in this cell must be known according to the thermodynamic data. After a numerical stepping
forward (3.10) and (3.11), the total energy, including the heat and latent energy, in a given interface
cell (4,7) is ¢pT; j — Lfs; ; and the total solute in this cell is C; ;. But the set of quantities fs.; ;, T; ;,
Cs.ij and Cr; ; in this cell do NOT satisfied the chemical potential equilibrium and thermodynamic
equilibrium at the S/L interface. This set of quantities is then updated to fé’;i,j’ Ti"j, Cfg;z',j and
C'L;i, ; to satisfy the chemical potential equilibrium and thermodynamic equilibrium. We will omit the
location subscript ; j in this subsection since the operation is constrained on the data in this interface
cell. Considering the conservations and equilibriums listed above, we have the following algebraic
system:

L
T = T4 (f f)

P
C = fsCe+(1-[5)CL (3.12)
T = TF? +(C) — Co)mr + Tkf(p,0)
Cy = kC)

where we assume that the concentrations on the scale of the interface cells are uniform [22], i.e.,
Cs =C5=kC] =kCy (3.13)

is valid in the interface cells. The curvature cooling I's f (¢, 0) is calculated from the data at previous
time step. Solving the four algebraic equations (3.12), let us show the four unknowns, i.e., the
temperature 7", solid concentration C¥, liquid concentration C7 and the solid fraction f§ are uniquely
determined. Eliminating 7', C§ and C7, we get the equation of f§ :

cp(fs) <A+cp(1_k))f5+ — =0 (3.14)

where I
A=TF? — Cymy — T —Trf(p,0) + —fs. (3.15)

14

It is easy to show that in the two roots of (3.14), there are only one fg € [fs,1] if T, < T < T, and
fs €10, fs] if T, < T < Ty, where

T, = Ts(C) - c£(1 — fs)

T, = TL(C)+—fs
Cp C
_ pBEQ _ mrL 3.16
R S (R 19
Ts(C) = T5Q+ (E_C()) mr,
TL(C) = TEQ + (C — Cy)mp,

Ts(C) and T, (C) are the solidus and liquidus temperature at the concentration C, respectively.



L (J/Kg) p (J/m®) | K (W/mK)
2.70 x 10° 7300 30
¢y (J/KgK) | T/ (°C) (K m)
800 1490 1.9 x 1077
k(-) 0.34
Dy, (m?/s) 2.0x107°
Dg (m?/s) 5.0 x 10710
mr, (°C/%) 80

Table 1: Thermophysical properties for Fe-0.6wt%C used in simulation

At the same time, the interface cell will become solid cell (f > 1) if T' < Ty, or liquid cell (f§ < 0)
if T > Ty. In order to show how to choose the suitable root if there are two roots in equation (3.14),
we eliminate 7", C and f§ to get the equation of C7,

L L C
12 A—i / _—— = . _]_
mr(Cr) -I-( cp(l—k))CL+cp1—k 0 (3.17)

It can be verified there is only one root of equation (3.17) in [C,C/k] if T, < T < T,. Once C}
is known, the other three unknowns can be obtained from (3.12). The calculation of the increment
of solid fraction in (3.12) is different with other model, where the temperature of the interface cells
is known from the previous time, leading to the thermodynamic equilibrium (2.7) is not satisfied
simultaneously ([19], [23]). Moreover, we need not calculate the velocity of the S/L interface as [21]
and [23] for calculating the concentration distribution in the interface cell.

3.3 Calculation of time-step and curvature

The time-step At is calculated from

Az Az? Az?
Vimax D1’ Dg
where 7 is a constant less than 1, which should be choose suitably in our simulation and A fg is the
increase of solid fraction in one time-step and the At at the right hand side is for the last time step.

At = nmin(

) (3.18)

The calculation of curvature, mentioned by Nastac [21], and originally proposed by Kothe et al
[24], relies on the computation of the local curvature,

k = —(V-n)

1 7 o R
- (V) - (3.19)
2(fs)e(fs)y(fs)zy — (f3)2(fs)ez — (f5)2(f5)yy
[(fs)2 + (fs)2]3/2

where the unit normal n = 7/|7i| and normal vector 7 = V fg.

3.4 Algorithm

The cell capture in our computation is the same as in [21]. Further result on capturing rules will be
reported in the future. Omitting the nucleation of dendrites of selected crystallographic orientation
at the initial stage, the whole algorithm is as:
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Figure 2: solute concentration at solidification time 0.2s

e Step 1: Initialization.

e Step 2: Calculation of time-step.

e Step 3: Calculation of solutal field C.

e Step 4: Calculation of temperature T' without the release of latent heat.
e Step 5: Calculation of solid fraction in the interface cells.

e Step 6: Restore Cp,Cg for all cells. For the solid or liquid cells, it is obvious how to de-
fine Cr,Cs. For the interface cells, after the change of solid fraction, the solute rejection or
absorption is calculated so as to maintain solute balance in the interface cells.

e Step 7: Cell capture. Return to Step 2.

4 Numerical Experiments

The binary alloy Fe-0.6wt%C is used in the simulation. The initial temperature and concentration
are TLE Q= 1490°C, Cy = 0.6wt% for component C, respectively. The environment temperature Ty,
is 298 K. Other thermophysical properties used in our simulation is listed in Table 1. The square
mesh n X n is generated from the square domain 2.

4.1 Growth of one equiaxed dendrite

To simulate the growth of one equiaxed dendrite, the following conditions as [23] was performed.
The wall of simulated domain Q with the size of 10~*m was cooled under a constant heat transfer
coefficient h = 10 W/m~2 K—!. A single grain was nucleated at the center of the domain, with the
composition kCy. Because the calculation of temperature is decoupled by macro-micro process, which
lead to the need of small time-step to obtain stable results, we choose n = 0.025 and n = 350, i.e.



Figure 3: solute concentration at solidification time 0.6s

Az = 2.8571 x 10*m and At = 1.0204 x 10~ %s. The simulation result was shown in Figure 2, where
the solidification time is 0.2 seconds. The dendrite’s morphology in our result is same as those in [23].
Moreover, the dendrite morphology changes very small if the time step size and spatial step size is
reduced.

4.2 Interaction of multiple equiaxed dendrites

Our model was used to simulate the solidification structure of multiple equiaxed dendrites. The
same conditions as [23] was used. The size of simulated domain is 250um and cell size is 0.5um and
n = 0.0625(At = 7.8125 x 10 %s). The coefficient of heat transfer coefficient A = 1000 W/m 2 K L.
The nucleation location of ten grains with crystallographic directions 0° and 45° is almost same as the
conditions in [23]. The neighbor capture rule for grains with crystallographic directions 0° and 45° was
used [23]. The interaction of multiple grains with different preferential crystallographic orientation
was shown with different color in Figure 3. Our simulation result is similar to the results in [23]
and consistent with the experimentally observation [25]. The formation of secondary branches, their
growth and competition, and finally their coarsening are obtained. The strong interaction between
dendrites can be seen when the dendrites approach each other. The impingement between dendrites
will hinder the growth of two dendrites. The high concentration was formed between the arms or in
the domains where the impingement occur, because the solute is not easy to diffuse.

4.3 3D Numerical Experiment

We test the algorithm in a 3D cubic domain [0,1] x [0,1] x [0,1], using artificial data as follows:
Ljc, =1, K/h = 1, TF? = 014, K/¢, = 1, Cy = 0.1, mp, = —1, k = 0.8, Dg = Dy, = 10™*
without consideration of curvature undercooling. The mesh is 256 x 256 x 256 and the algorithm was
implemented in parallel with MPI and the computation was carried on the PC cluster LSSC-II of the
State Key Laboratory of Scientific and Engineering Computing. A 4 x 4 x 4 computational nodes was
adopted in our computation. The crystal profile obtained from the numerical result is in Figure 4.



Figure 4: simulated 3D equiaxed crystal on 256 X 256 x 256 mesh.

5 Conclusions

A new coupled model in binary alloy solidification, based on the cellular automaton technique has
been developed. The temperature diffusion without the release of latent heat and solute diffusion
are solved in the entire domain (at the macro-scale level). At the interface cells (at the micro-scale
level), the energy and solute conservation, thermodynamic and chemical potential equilibrium are
adopted to calculate the temperature, solid concentration, liquid concentration and the variation of
solid fraction. The variation of solid fraction in this model is obtained by solving a four variables,
quadratic algebraic system which has been checked that there is only one physical solution and it is
very cheap to get the solution. Different from other models, the calculation of S/L interface velocity is
not needed which means there are no any explicit or implicit cell resolution operations are required in
the whole model. After the micro-scale adjustment, every interface cell satisfies the chemical potential
and thermodynamic equilibrium. The model can be directly applied to multiple spatial dimensional
case and it is trivial to extend this model to multiple component alloy system.
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