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(see [16]) ensures that for each f € Cla,b] there exists a sequence of poly-
nomials p, € P, such that ||p, — flloo = 0 as n — 00. As a consequence of
the Chebyshev alternation theorem from approximation theory (see [16)),
for the uniquely determined best approximation p, to f in the maximum
norm with respect to Py, the error p, — f has at least n + 1 zeros in [a, b].
Then taking the sequence of these zeros as the sequence of interpolation
points implies the statement of the theorem. 0

Theorem 8.17 (Faber) For each sequence of interpolation points (:r:i.n))

there ezists a function f € Cla,b] such that the sequence (L, f) of interpo-
lation polynomials L, f € P, does not converge to f uniformly on [a,b).

Proof. This is a consequence of the uniform boundedness principle, Theo-
rem 12.7. It implies that from the convergence of the sequence (L, f) for
all f € Cla,b] it follows that there must exist a constant C' > 0 such that
||Lr]loo < C for all n € IN. Then the statement of the theorem is obtained
by showing that the interpolation operator L,, satisfies ||L,||co > cInn for
all » € IN and some ¢ > 0 (see [16]). ]

We conclude this section by briefly describing Hermite interpolation,
where in addition to the values of the polynomial, the values of its first
derivative at the interpolation points are also prescribed.

Theorem 8.18 Given n + 1 distinct points xo,...,Zn € [a,b] and 2n + 2
values yo,...,yn € R and yy, ..., y, € IR, there exists a unique polynomial
Pan+1 € Ponyy with the property

p‘2n+l($j) =Yj» p'2n+l($j) = y_;': 7=0,...,n. (8.10)
This Hermite interpolation polynomial is given by
Pent1 = ) _[ukHY + yiHy) (8.11)
k=0
with the Hermite factors
HY(z) = [1 - 26 (2} — =) (@), HE(2) = (2 — i) [ )]
expressed in terms of the Lagrange factors from Theorem 8.3.

Proof. Obviously, the polynomial p;,, 4, belongs to Py, 41, since the Hermite
factors have degree 2n + 1. From (8.3), by clementary calculations it can
be seen that (see Problem 8.7)

Hf(:rj) = HJ:'(:BJ) = Ojk,
3, k=0,...,n (8.12)
Hgf(xj) . H;i(l’.:) =0,
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From this it follows that the polynomial (8.11) satisfies the Hermite inter-
polation property (8.10).

To prove uniqueness of the Hermite interpolation polynomial we assume
that pany1.1, Pont1,2 € Peny1 are two polynomials having the interpolation
property (8.10). Then the difference pan41 = Pans1,1 — Pons1,2 satisfies

Pon+1(Zj) = Poppi(zj) =0, 7 =0,...,m;

i.e., the polynomial pyn4, € Po,41 has n + 1 zeros of order two and there-
fore, by Theorem 8.1, must be identically equal to zero. This implies that

P2n+41,1 = P2n41,2- 0

The main application of Hermite interpolation consists in the approxi-
mation of a given function f € C'(a,b] by interpolating its function values
and the values of its derivative at n + 1 distinct points z,...,z, € [a,b].
By

H, : C! [0., b] - P2n+1

we denote the Hermite interpolation operator that maps continuously dif-
ferentiable functions f : [a,b] & IR into the uniquely determined Hermite
interpolation polynomial H, f € P,,4, with the property

(Hnf)(z;) = f(z;), (Hnf)'(z;) = f'(z;), j=0,...,n

The following theorem can be proven analogously to Theorem 8.10 (see
Problem 8.8).

Theorem 8.19 Let f : [a,b] =& R be (2n + 2)-times continuously differ-
entiable. Then the remainder R,f := f — H,f for Hermite interpolation
with n + 1 distinct points zg, . ..,ZTn € [a,b] can be represented in the form

Fa@) =L O M@ n?, zeleth  61)
L

for some £ € [a,b] depending on z.

8.2 Trigonometric Interpolation

In applications, quite frequently there occur periodic functions, i.e., func-
tions with the property

f(t+T)=f(t), teR,

for some T > 0. For example, functions defined on closed planar or spatial
curves always may be viewed as periodic functions. Polynomial interpola-
tion is not appropriate for periodic functions, since algebraic polynomials
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Theorem 9.18 The weights of the Gaussian quadrature formulae are all
positive.

Proof. Define
2
)= | 22D k—o,.m.

T — Tk
Then . .
ulgors(on)] = Y aifelz;) = [ w(@)iule)de >0,
j=0 "
since fx € P,,, and the theorem is proven. 0

Corollary 9.19 The sequence of Gaussian quadrature formulae is conver-
gent.

Proof. For each polynomial p we have

b
Qu(p) = [ w(z)p(z) de,

provided that 2n + 1 is greater than or equal to the degree of p. From their
proofs it is obvious that Theorem 9.10 and its Corollary 9.11 remain valid
for the integral with the weight function w. Hence, the statement of the
theorem follows from Theorem 9.18. O

Theorem 9.20 Let f € C?™*2[q,b]. Then the error for the Gaussian
quadrature formula of order n is given by

b n (2n+2) b
[ @@ s - arse) = T [ u@ignn@Pds
8 k=0 F e

for some € € [a,b).

Proof. Recall the Hermite interpolation polynomial H,f € Pp4 for f
from Theorem 8.18. Since (H, f)(zx) = f(zx), K =0,...,n, for the error

b n
En(f) = [ wl@)f(e)de — 3 axf (o)
a k=0

we can write )
En) = [ w@)lf(a) - (Ha)a))ds.

Then as in the proofs of Theorems 9.7 and 9.8, using the mean value the-
orem we obtain

b
En(f)=1 (z[)q'ffé“)]fz)(z) w(2)[gns1 (2)]2dz

a

for some z € [a,b].- Now the proof is finished with the aid of the error
representation for Hermite interpolation from Theorem 8.19. )






208 9. Numerical Integration

The first Bernoulli polynomials are given by

1 1 1 1
Bo(z) =1, B;(:c)—:c—i, Bo(z) = _I—§$+E
We note that the normalization (9.22) is equivalent to

Lemma 9.24 The Bernoulli polynomials have the symmetry property
Bn(z) =(-1)"Ba(l-z), z€R, n=0,1,.... (9.29)

Proof. Obviously (9.24) holds for n = 0. Assume that (9.24) has been
proven for some n > 0. Then, integrating (9.24), we obtain

Bpyi(z) = (=1)""' Bpy1 (1 — 2) + By

for some constant 8,4;. The condition (9.22) implies that 8,4+ = 0, and
therefore (9.24) is also valid for n + 1. O

Lemma 9.25 The Bernoulli polynomials Bypyy, m = 1,2,..., of odd
degree have ezactly three zeros in [0,1)], and these zeros are at the points
0, 1/2, and 1. The Bernoulli polynomials B,,,, m = 0,1,..., of even degree

satisfy Ban(0) # 0.

Proof. From (9.23) and (9.24) we conclude that B4, vanishes at the
points 0, 1/2, and 1. We prove by induction that these are the only zeros
of Bam+1 in [0, 1]. This is true for i = 1, since Bj is a polynomial of degree
three. Assume that we have proven that Bj,,;; has only the three zeros
0, 1/2, and 1 in [0, 1], and assume that Bs,,+3 has an additional zero « in
[0, 1]. Because of the symmetry (9.24) we may assume that a € (0,1/2).
Then, by Rolle’s theorem, we conclude that Bs,,2 has at least one zero in
(0,) and also at least one zero in (e, 1/2). Again by Rolle’s theorem this
implies that Ba,,4+) has a zero in (0, 1/2), which contradicts the induction
assumption.

From the zeros of By,,+1, by Rolle’s theorem it follows that B,,, has a
zero in (0, 1/2). Assume that Bs,,,(0) = 0. Then, by Rolle’s theorem, Bs,,_,
has a zero in (0,1/2), which contradicts the first part of the lemma. O

By B, : R - ]B.hwe denote the perioc_lic extension of the Bernoulli
polynomial Bp; i.e., B, has period 1 and Bp(z) = Ba(z) for 0 < z < 1.
The Fourier series of the periodic functions B,, are given by

m—1 cos 2rkx =
Bam(z) = 2(-1) Emk)z,,. (9.25)

and
Baom—1{x) = 2(- l)mV iy (9.26)

L——
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for m = 1,2,.... This follows from (9.21) and (9.22) and the elementary
Fourier expansion for the piecewise linear function B, (see Problem 9.13).

Let zx = e+ kh, k = 0,...,n, be an equidistant subdivision of the
interval [a, b] with step size h = (b — a)/n and recall the definition of the
trapezoidal sum

To(f) = h |3 Jlao) + fz) +-o- + J(an-a) + 3 J(an)

for f € Cla,b].

Theorem 9.26 Let f : [a,b] & IR be m times continuously differentiable
for m > 2. Then we have the Euler-Maclaurin expansion

[ rarie =10 - Z”("’; = ) - 15 )
(9.27)

+(—1)"‘hm‘/: B, (:c ; a) ™ (z) dz,

where [ 2] denotes the largest integer smaller than or equal to 2.

Proof. Let g € C™[0,1). Then, by m — 1 partial integrations and using
(9.23) we find that

1 m
fo Bi(2)g'(z)dz = 3 \(~1)B;(0)[g9~1(1) - g1 (0)
ji=2

—(-1ym [0 ' Bn(2)9™ (2) dz.

Combining this with the partial integration

1 ; 1 1
| Bia) @) dz = 5 lov) + 900 - [ atz)
0
and observing that the odd Bernoulli numbers vanish leads to

(2]
[ o(2)dz = 1 [9(0) + (1)) - 2(223. (g1 (1) - g% (0)]

+(-1)™ [ Bun(2g!™(2) 42,
Jo
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Now we substitute z = z; + hz and g(z) = f(zx + hz) to obtain

/ " f(z)dz = ‘g [f(zx) + f(zk41)]

L

Z bash f‘z""”(xm) — fA7 0 (zy))

(25)!
Lh41 .
+(—1)""h"‘/ B (x “‘) £ (z) da.
zx h
Finally, we sum the last equation for £k = 0,...,n — 1 to arrive at the
Euler-Maclaurin expansion (9.27). m]

For 27-periodic continuous functions f : IR — IR the trapezoidal rule
coincides with the rectangular rule

:“ fla)dz n 20 Zf (Z)

For its error

En(f) = i flz)dz - 2F ZI(%J:)

0
we have the following corollary of the Euler-Maclaurin expansion.

Corollary 9.27 Let f : IR — IR be (2m + 1)-times continuously differen-
tiable and 27-periodic for m € IN and let n € IN. Then for the error of the
rectangular rule we have

C 2m o
IEn(N = i A |FCm 4 (2)| de,

where
=1
k=1

Proof. From Theorem 9.26 we have that
2 2m+1 2 -
E.(f) =- (‘E) Bam+1 (2?3) f(2m+1)($)d-'ﬂ
n 0 n

and the estimate follows from the inequality

-~ s 1
| Bam+1(z)| < 22 @Ry © € R,
k=1

which is a consequence of (9.26). ]
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Corollary 9.27 illustrates why for periodic functions the simple rectangu-
lar rule is superior to any other quadrature rule (see Problem 9.12). Note
that the rectangular rule can also be obtained by integrating the trigono-
metric interpolation polynomials of Theorems 8.24 and 8.25.

In the following theorem we give an example of derivative-free error esti-
mates for numerical quadrature rules in the spirit of Davis [15]. They have
the advantage that they do not need the computation of higher derivatives
for the evaluation of the estimates. However, they require the integrand to
be analytic, and their proofs need complex analysis.

Theorem 9.28 Let f : R — IR be analytic and 2w-periodic. Then there
ezxists a strip D = R X (—a,a) C C with a > 0 such that f can be extended
to a holomorphic and 2w-periodic bounded function f : D — C. The error
for the rectangular rule can be estimated by

Ea(f)] < —7M

ene — 1"’

where M denotes a bound for the holomorphic function f on D.

Proof. Since f : R — IR is analytic, at each point z € IR the Taylor
expansion provides a holomorphic extension of f into some open disk in the
complex plane with radius 7(z) > 0 and center z. The extended function
again has period 2, since the coefficients of the Taylor series at = and
at z + 2w coincide for the 2w—periodic function f : IR — IR. The disks
corresponding to all points of the interval [0, 27] provide an open covering
of [0,2x]. Since [0, 2] is compact, a finite number of these disks suffices to
cover [0, 27]. Then we have an extension into a strip D with finite width
2a contained in the union of the finite number of disks. Without loss of
generality we may assume that f is bounded on D.
From the residue theorem we have that

ia+2m nz —ia+42m nz 4ami n 27k
[a cot?f(z)dz—/;m COt—é—_f(Z)dZ--——;i—' ;f(T)
for each 0 < a < a. This implies that

ia+2n n
) nz _ 2w 2wk
Re/i zcot-2—f(z)dz- m gzlf( - ),

4]

since by the Schwarz reflection principle, f enjoys the symmetry property
f(Z) = f(z). By Cauchy’s integral theorem we have

ia+2m 27
Re[ f(z)dz = f(z) dz,

o 0
and combining the last two equations yields

ia42r
En(f)=re | (1-icot E) f(2)dz

Jia 2
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for all 0 < a < a. Now the estimate follows from
2

ene —1

|1 i cot 'nzl <
2 —
for Imz = a and then passing to the limit a — a. O

The estimate shows that for periodic analytic functions the rectangu-
lar rule is of exponential order; i.e., doubling the number of quadrature
points doubles the number of correct digits in the approximate value for
the integral.

9.5 Romberg Integration

We now proceed with describing the eztrapolation method due to Richard-
son (1927). Its basic idea is to derive high-order approximation methods
from simple low-order methods. It can be applied to a variety of formulae in
numerical analysis, and its application to the Euler-Maclaurin expansion
was suggested by Romberg in 1955.

Recall the composite trapezoidal rule

n—1
TH(f) = h {% f@)+ Y fla+kh)+ 3 ()
k=1

with step size h = (b — a)/n. If f is four-times continuously differentiable,
by the Euler-Maclaurin expansion from Theorem 9.26 we have an error
representation of the form

b
f f(z)dz = TA(f) + mh® + O(h?)

for some constant «; depending on f but not on h. Hence, for half the step
size, we have that

b
h2
[ @) dz =130 4 5 00,
a
From these two equations we can eliminate the terms containing h?; i.e.,

we multiply the first equation by —1/3 and the second equation by 4/3 and
add both equations to obtain

b
1
[ @iz =3 [a7y(n - ThN] + 08
Hence, the linear combination

45" R
TS} = 5 [+24(0) - Ta(f)]



