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Abstract. The validity index has been used to evaluate the fitness of partitions
produced by clustering algorithms for points in Euclidean space. In this paper, we
propose a new validity index for network partitions, which can provide a measure
of goodness for the community structure of networks. It is defined as a product
of two factors, which involves the compactness and separation for each partition.
The simulated annealing strategy is used to minimize such validity index function
in coordination with our previous k-means algorithm based on the optimal reduction
of a random walker Markovian dynamics on the network. It is demonstrated that the
algorithm can efficiently find the community structure during the cooling process. The
number of communities can be automatically determined without any prior knowledge
about the community structure. Moreover, the algorithm is successfully applied to
three real-world networks.
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1. Introduction

In recent years we have seen an explosive growth of interests and activities on the
structure and dynamics of complex networks [1, 2, 3, 4]. This is partly due to the
influx of new ideas, particularly ideas from statistical mechanics, to the subject, and
partly due to the emergence of interesting and challenging new examples of complex
networks such as the internet and wireless communication networks. Network models
have also become popular tools in social science, economics, the design of transportation
and communication systems, banking systems, powergrid, etc., due to our increased
capability of analyzing the models [5, 6, 7]. On a related but different front, recent
advances in computer vision and data mining have also relied heavily on the idea
of viewing a data set or an image as a graph or a network, in order to extract
information about the important features of the images or more generally, the data
sets [8, 9, 10]. Since these networks are typically very complex, it is of great interest
to see whether they can be reduced to much simpler systems. In particular, much
effort has gone into partitioning the network into a small number of communities
(11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23|, which are constructed from different
viewpoints. The state-of-the-art of the community detection methods is recently
summarized in [24]. In a broader aspect, it is also closely related to the model reduction
theory of differential equations [25].

In a previous paper [22], the authors proposed an approach to partition the networks
based on the optimal approximation of a transition matrix. The basic idea is to associate
the network with a random walker Markovian dynamics [26], then introduce a metric
(Hilbert-Schmidt metric for the forward operator) on the space of Markov chains, and
optimally reduce the chain under this metric. The final minimization problem is solved
by an analogy to the traditional k-means algorithm in clustering analysis [27]. This
approach also bears some similarity to the MNCut algorithms in image segmentation
8, 9] and the diffusion maps in data mining [10].

In traditional clustering literature, the family of standard k-means algorithms is
based on the optimization of a specified objective function with the known number
of clusters [27]. However, people are sometimes required to determine the number of
communities of the optimal network partition and meet the difficulties that the objective
function in k-means usually decreases as the number of communities increases. This
motivates the idea of constructing a function of validity index [28, 29, 30, 31, 32, 33, 34,
35, 36, 37, 38, 39, 40, 41, 42] to evaluate the quality of clustering results. The optimal
number of clusters can be determined by selecting the minimum (or maximum by
different definitions) value of the index. With the same idea, we construct a new validity
index, which involves the compactness and separation for each partition to measure the
goodness of network community structure. Then a simulated annealing strategy [43, 44]
is utilized to obtain the minimum of this function. This kind of simulated annealing
in coordination with our previous k-means iteration has a high degree of efficiency
and accuracy since the process of iteration can accelerate the tendency of minimizing
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the validity index. This approach can not only identify the the community structure
efficiently, but also determine the optimal number of communities automatically without
any prior knowledge about the community structure. The proposed validity index
is competitive with the modularity function for network community structure in the
literature [14, 15, 16, 17]. Furthermore, it has more predictive power than some other
ways of doing network partition.

We construct our algorithm — Simulated Annealing to minimize Validity Index
(SAVI) associating with a k-means iteration — for network partitioning. The algorithm
is tested on several artificial networks, including the ad hoc network, the sample
network generated from Gaussian mixture model and the LFR benchmarks. The
numerical results suggest that our algorithm is efficiently implemented with reasonable
computational effort and leads to accurate partitioning results. Moreover, successful
application to three real-world networks, including the karate club network, the dolphins
network and the American football team network, confirms the effectiveness of the
present algorithm. We would also like to remark that though validity index is not a
new concept, the application to the reduction of Markov chains and and the detection
of the community structure of complex networks is novel to the best knowledge of the
authors. It is also a natural extension of the former k-means algorithm in the context
of the Markov chain aggregation.

The rest of the paper is organized as follows. In Section 2, we briefly introduce the
framework of network partition based on optimal prediction theory. In Section 3, we
describe our validity index for network partition in detail. The algorithm (SAVI) and
the corresponding strategies are proposed in Section 4. In Section 5, we apply SAVI
to the representative examples mentioned before. The partitioning results are typically
compared. Finally we make the conclusion in Section 6.

2. Network partition based on optimal prediction

In [22], a new strategy for reducing the random walker Markovian dynamics based on
the optimal approximation of a transition matrix is proposed. Let G(S, E') be a network
with n nodes and m edges, where S is the nodes set, £ = {e(z,y)}syes is the weight
matrix and e(z,y) is the weight for the edge connecting the nodes x and y. We can
relate this network to a discrete-time Markov chain with stochastic matrix P = (p(z,y))
whose entries are given by

pe) =T ) = X elor2), )

z€S

where d(x) is the degree of the node x [26, 47]. This Markov chain has stationary
distribution
d(x
pla) = <D
ZZES (Z)

and it satisfies the detailed balance condition u(x)p(z,vy) = pu(y)p(y, x).

(2)
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The basic idea in [22] is to introduce a metric (Hilbert-Schmidt metric for the
forward operator associated with P in the Hilbert space L?(u)) for the stochastic matrix

p(z,y)

1|2 = Z il \p (3)

ages
and find the reduced Markov chain p by minimizing the distance ||p — p||,. For a given
partition of S as S = UN_ Sy with S, NS, = 0 if k # [, let py; be the coarse grained
transition probability from Sy to S; on the state space S = {S1,...,Sy}. This matrix
can be naturally lifted to the space of stochastic matrices on the original state space S
via
N
(a.y) = 3 L, (@)purn(y), (4)
kl=1

where 1g, (z) = 1 if x € Sy and 1g,(x) = 0 otherwise, and

) = LS S, )

Hi €5
Based upon this formulation, we can find the optimal p;,; for any fixed partition. With
this optimal form py;, we further search for the best partition {Si,---, Sy} with the
given number of communities N by minimizing the optimal prediction error

min J=[p—pli= ) M[ﬁ(ﬂf,y) —p(z,y)

{51,SN }prt z,yeS llj/(y)

:u 2 Z /lk (6)

= u(y)

2

A direct calculation shows that when the parmtlon is known the minimizer of
equation (6) is unique which can be given as
pu= Y m@)p(,y). (7)
TESEL,YES;
It can be checked that equation (7) is a stochastic matrix and £ in equation (5) is
an equilibrium distribution for the Markov chain on S with transition matrix given in
equation (7). Furthermore, it is easy to see that equation (7) satisfies the detailed
balance condition with respect to . An anology to k-means algorithm can be applied
to minimize the combinatorial optimization problem (6). Given an initial partition
{SVYN | for the t-th step, use

S;(fﬂ) = {x k= argmlinD(x’ Sl(t))} "

to update the new state, where

D5 = 35wyt (20 )" o)

=1 yes, M(?J) i
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This is the theoretical basis for constructing the k-means algorithm for the community
structure of complex networks in [22]. The framework is further extended to the fuzzy
formulations successfully [23, 48].

3. The validity index criterion

The validity index is such a quantity that can measure how well the clustering results
reflect the structure of the data set S. The most important indicator of the structure is
the number of clusters, while most basic clustering algorithms assume it is a user defined
parameter. However, the number of clusters is a parameter related to the complexity of
the data structure. In other words, the clustering algorithm is run with different initial
values for the number of clusters and the results are compared in order to determine
the appropriate number of clusters. For this purpose, various validity indices have been
developed in the literatures. Some existing definitions both for hard and fuzzy clustering
are briefly reviewed as follows, but it is not designed to be a complete list here. In our
proposed new validity index, we mainly mimic Xie-Beni’s definition [35] because of its
simple form and its effectiveness, which is justified from the numerical results in Section
5. Xie-Beni index is more accurate compared with some other indices proposed before
and many other validity indices constructed later are also derived from it [39, 40, 41].

3.1. Validity indices for hard clustering

3.1.1. The Dunn index A well-established crisp cluster validity index is the separation
index Vp [28] which identifies compact and separate clusters, and is defined by

Vp = min{ min { dis(S%, 51) }} (10)

1<k<N | k+1<ISN-1 | max) <<y {dia(S,,)}
where
dia(Sy) = max [|lz —yll, (11)
dis(Sk, S)) = xeg?&sl |z — vyl (12)
Here || - || is any metric induced by an inner product on R". The compact and

separate clustering of S is to be found by solving maxs<y<, {maxyg, .. sy} Vo }, where
{S1, -+, Sy} denotes the optimal partition at fixed N. Tt is proved [28] that a crisp
partition of S contains N compact and separate clusters if Vp > 1. Furthermore, there
is at most one partition of S if Vp > 1. The main drawback with direct implementation
of this validity index is in computations since calculating Vp becomes computationally
very expensive as N and n increase.

3.1.2. The Davies-Bouldin index Another validity index which also measures compact
and separate clusters is introduced by Davies and Bouldin [29]. This index is a function
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of the ratio of the sum of within-cluster scatter to between-cluster separation. The
scatter within the k-th cluster is computed as

Ci= 57 3 lle = (13)

€Sk

where |Sk| is the number of data points in Sy and my is the cluster centroid. The
centroid distance is

A = ||my — my|. (14)
The Davies-Bouldin index Vpg is then defined as

1 & {SCk + S(Jl}
Vo = — max 4§ ——— ¢ .
di

— Lk (15)

The objective is to minimize Vpp for achieving proper clustering. Its major difference
from Vp is that it considers the average case by using the average error of each cluster.

3.2. Validity indices for soft clustering

One popularly used method to make soft clusterings in Euclidean space is the fuzzy
c-means algorithm [49, 50]. The main idea of traditional fuzzy c-means algorithm is to
minimize the objective function

S AWl mls b3 1 (16)

k=1 zeS
where x are samples and my, are centers. b = 2 is often chosen in computations. px(z)
denotes the probability of x belonging to cluster k, which satisfies the condition

x) >0, Zpk(w) =1, z€8. (17)

The proposed validity indices for soft clustering problem in the literature are
of many forms, such as the partition entropy, Fukuyama-Sugeno index, the fuzzy
hypervolume validity, etc. [33, 34, 37, 38, 39, 40, 41, 42]|. But it is far from a complete
list since different constructions are proposed from different motivations. We only list
two of them in what follows for their simple geometric intuitions.

3.2.1. The Fukuyama-Sugeno index A validity function proposed by Fukuyama and
Sugeno [34] was defined by

Ves = S5 pt@lle - mall = 33 (e e —

zes k=1 zeS k=1

= J(p,m) + K(p,m), (18)
where m = 31 my/N. Here J(p,m) is the objective function of FCM with b = 2
which measures the compactness and K (p, m) measures the separation. So the goal is
to find the fuzzy partition with the smallest Vpg.



A walidity index approach for network partitions 7

3.2.2. The Xie-Beni index Another famous validity index called Xie-Beni index [35]
can be explicitly written as

N
2 ves 2=t PRl —mil* T (p,m)
nming. ||my — myl? nk(m)

Vyp = (19)

More importantly, minimizing Vxp corresponds to minimizing .J(p, m), which is the
goal of FCM with b6 = 2. The additional factor is K(m), which is the separation
measurement. The more separate the clusters, the larger K(m) and the smaller Vyp.
More information about it may be referred in [36].

3.3. The new validity index for network partition

We take the idea of considering both compactness and separation in our formulation,
and construct a validity index for network partition as following

Vnet - J(ﬁ) : K(ﬁ)? (20)

where J(p) is the objective function in equation (6) which reflects compactness, and the

term
K(p) = N — ]%:ivzlﬁkk_ 1 _ Zj/;;ézﬁkl 1 _ mgk%lﬁkl(Ql)
Db N R e NV N 2okt Dik
plays the role of separation such as K(m) in equation (19). Here mz wott Pr

represents the average of the probability with which one community transit to another
and % ngvﬂ Prr represents the average of the probability with which one community

stay at itself. An ideal partition requires a more stable state in space S = {S1,...,Sn},

which has smaller m >k 4y Do and larger % zgil prx. Thus, the optimal partition

can be found by solving

min{ min Vnet}. (22)

N {S1,,5Nn}

According to equation (6), we obtain

N o~ N .
1 M) o e o N = i Dre
Viet = [ 2 Pey) = Tpkl] o, (23)
N-1 z,y€S ) pim1 H > i1 Drk

as a new validity index for network partition along the line of [22].

As a model selection framework, usually one will encounter the tuning parameters
which controls the competition between the compactness J and separation K in our
setup. This is easy to be included in the current case. We define

Viee = J(0) - K(B)*, AeR (24)

1

where ) is the regularization parameter. When A = 0, VA

. degenerates to J. In all of

the following numerical tests, we will only consider the case A\ = 1, which already gives
satisfying results.
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4. The algorithm

The first simulated annealing algorithm was motivated by simulating the physical
process of annealing solids [43]. The process can be described as follows. Firstly, a
solid crystal is heated from a high temperature and then cooled slowly so that the
system at any time is approximately in thermodynamic equilibrium. At equilibrium,
there may be many configurations with each one corresponding to a specific energy level.
The chance of accepting a change from the current configuration to a new configuration
is related to the difference in energy between the two states. The simulated annealing
strategy is widely used to optimization problems [44].

Let £ = V. E® and E*D represent the current energy and new energy,
respectively. E¢FD is always accepted if it satisfies E¢+Y) < E® | but if E¢D > p®)
the new energy level is only accepted with a probability as specified by eXp(—%AE ®)),
where AE®) = D _ B(®) ig the difference of energy and T is the current temperature.
Higher energy states are possibly accepted which allows to avoid being trapped at local
minima. The temperature is then decreased gradually and the annealing process is
repeated until no more improvement is reached or any termination criterion is met.

At a given temperature, the new state {S,Eerl)},]f:l is accepted with a probability
exp(—%AE(t)), where the energy is used to evaluate a partition. The initial state is
generated by the k-means algorithm in [22] with randomly initialized N communities,
where N is an integer within the range [Nyin, Nmax] and Npin = 2, Npax = n/3 is chosen
in our computation. The initial temperature 7' is set to a high temperature T;,,,. Then
the next proposal state is produced by applying the k-means algorithm to the initial
state generated by our two proposal operations below. The new state is kept if the
acceptance requirement is satisfied. This process will be repeated for R times at the
given temperature. A cooling rate 0 < o < 1 is set to decrease the current temperature
until the lower bound 7}, is reached. The whole procedure of simulated annealing
to minimize validity index (SAVI) associating with the k-means iteration algorithm is
summarized as follows.

Algorithm 1 (SAVI). Simulated annealing algorithm to minimize the validity index.

(1) Set parameters Thax, Twmin, @ and R. Choose N randomly within the range
[Nmin, Nmax] and initialize the partition {S,go)}fle randomly.  Set the current
temperature T' = Thax.

(2) Compute the corresponding p}jl’) and {S,ﬁo)}{f:l with the k-means algorithm in [22]
according to equations (7) and (8). Calculate the energy E* using the definition of
equation (23).

(8) Fort=0,1,---, R, do the following iterations.

(3.1) Generate a new partition {S,gi)}ivzll as an initial partition according to the
proposal below and set N = N'.
(8.2) Update the coarse-grained transition probability ﬁ,(gll) and the partition

{S,gtﬂ)},]f:l with the k-means algorithm in [22] according to equations (7) and
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(8). Update the new energy EUHY according to equation (23).

(8.3) Accept the new partition with standard Metropolis criterion, i.e. accept with
probability min{1, exp(—=AEW)}. Sett =t + 1.

(3.4) Update the optimal state. If E®) < E*, set E* = E® and record the current
partition.

(4) Decrease the temperature T = o - T. If T < Tyin, go to Step (5); otherwise repeat
Step (3).
(5) Output the optimal partition {Sy}2_, and the minimum energy E*.

Our proposal to the process of generating a set of new partitions in Step (3.1)
is comprised of two operations, which are deleting a current community and splitting
a current community. At each k-means iteration, one of the two operations can be
randomly chosen and the community strength

is used to select a community, which reflects the possibility of the k-th community
remaining in itself but not tending to transit to the others. Obviously, the clustering

tendency of a community is stronger if its strength is larger. The two operations are
described as below.

(i) Deleting a community. The community with the minimum community strength
My is identified, where d = argming Mj. It should be deleted from the current
partition and merged to community Sk, where k = arg max,,, Pap, -

(ii) Splitting a community. The community with the maximum community strength
M, is chosen and randomly split to two new communities with equal size (If the
number of nodes m is odd, the size of two sub-communities will be (m + 1)/2 and
(m — 1)/2, respectively).

Note that we can either obtain the global minima of equations (23) by searching
over the all possible N with k-means. But this will cost too much since for each
fixed N the k-means algorithm should be repeated O(10%) times to get a trustable
good partition. However, the above simulated annealing procedure can avoid this
repetition and searching for the optimal community number one by one. The numerical
performance of the whole algorithm to the sample networks is very efficient and
successful.

5. Numerical examples

In this section, we extensively test our algorithm on some artificial networks with a
known community structure, including the ad hoc network with 128 nodes, the sample
network generated from a Gaussian mixture model and the LFR benchmarks. Then
the algorithm is applied to some real-world networks, including the social interactions
between members of a karate club, the relationships of bottlenose dolphins living
in Doubtful Sound, New Zealand and conferences connection network of US college
football.
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Figure 1. The fraction of nodes classified correctly by SAVI and the methods used
n [14]. SAVI performs better than the shortest path and random walk methods [14]
from the figure.

5.1. Tests on artificial networks

5.1.1. Ad-hoc networks with 128 nodes We apply our method to the ad hoc network
with 128 nodes in this subsection. The ad hoc network is a typical benchmark problem
considered in many papers [13, 14, 18, 19, 22, 23]. It has a known community structure
and is constructed as follows. Suppose we choose n = 128 nodes, split into four
communities containing 32 nodes each. Assume pairs of nodes belonging to the same
communities are linked with probability p;,, and pairs belonging to different communities
with probability pou. These values are chosen so that the average node degree, d, is
fixed at d = 16. In other words p;, and poy are related as

31pim + 96pous = 16. (26)

Here we naturally choose the nodes group S; = {1 : 32},5, = {33 : 64}, 53 = {65 :
96},5, = {97 : 128}. We change 2z, = 96poys from 0.5 to 8 and look into the fraction
of nodes which are correctly classified. By setting Tiyax = 3, Tmin = 1072, a = 0.9
and R = 20, we make clustering by SAVI. The fraction of correctly identified nodes is
shown in Figure 1. Comparing with the two methods described in [14], we can see that
SAVI performs noticeably better than the two previous methods, especially for the more
diffusive cases when z,,; is large.

To test on well-clustered network, we take 2z, = 5. When the annealing strategy
is not used, i.e. only the k-means algorithm [22] is applied, the validity index V¢ and
the objective function J changed with the number of communities N is shown in Figure
2(a) and Table 1. We can see the optimal community structure is achieved at N = 4
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Figure 2. The validity index Ve and the objective function J changed with the
number of communities N for ad hoc network with z,,: = 5 and a Gaussian mixture
network with 400 nodes.

and the corresponding validity index was V. = 0.9281. Our algorithm identifies the
desired result without knowing the number of communities as a prior parameter.

Table 1. The values of V,¢; and J changed with the number of communities N for ad
hoc network with 2., = 5, the fully connected network with 256 nodes and Gaussian
mixture network with 400 nodes.

N 2 3 4 ) 6

Ad hoc network Vet 1.6001  1.1694  0.9281 1.5143 1.9677
(Zout = H) J 6.3766 6.0560 5.7696  5.6931 5.6293

Gaussian mixture Vuee 0.0264 0.0124 0.1422 0.2203 0.2249
network J 2.7795 1.8218  1.7550  1.6891 1.6223

5.1.2. Sample network generated from the Gaussian mizture model To further test the
validity of the algorithm, we apply it to a sample network generated from a Gaussian
mixture model. This model is quite related the concept random geometric graph
proposed by Penrose [51] except that we take Gaussian mixture here compared with
uniform distribution in [51].

We generate n sample points {x;} in two dimensional Euclidean space subject to
a K-Gaussian mixture distribution at first

k=1

where {g;} are mixture proportions satisfying 0 < ¢ < 1, Zszl g = 1. p, and X
are the mean positions and covariance matrices for each component, respectively. Then
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Figure 3. (a) 400 sample points generated from the given 3-Gaussian mixture
distribution. The star symbols represent the centers of each Gaussian component.
The circle, square and diamond shape symbols represent the position of sample points
in each component, respectively; (b)The network generated from the sample points in
(a) with the parameter dist = 0.8.

we generate the network with a thresholding strategy. That is, if |x; — ;| < dist, we
set an edge between the i-th and j-th nodes; otherwise they are not connected. With
this strategy, the topology of the network is induced by the metric. As a consequence,
some properties of the network, say the clustering nature, may be inherited from the
case with metric. This is our basic motivation with this model.

We take n = 400 and K = 3, then generate the sample points with the means and
the covariance matrices as follows

p, = (1.0,4.0)7, py = (2.5,5.5)", us = (0.5,6.0)7, 28
1 2 3

0.15 0
21:22223:< ; 015>. (29)

Here we pick nodes 1:100 in group 1, nodes 101:250 in group 2 and nodes 251:400 in
group 3 for simplicity. With this choice, approximately ¢; = 100/400, g2 = g3 = 150/400.
We take dist = 0.8 in this example. The sample points are shown in Figure 3(a) and
the corresponding network is shown in Figure 3(b). The computed validity index value
Viet changed with the number of communities N is shown in Figure 2(c) and Table
1. We can observe that the optimal community structure is achieved at N = 3 and
the corresponding validity index was Ve = 0.0124. By applying SAVI with T,,.« = 3,
Toin = 1072, o = 0.9 and R = 20, we also obtain N = 3 and V,; = 0.0124. The partition
result is shown in Figure 4. Only nodes 66, 159, 281 do not coincide with the initial
groups of samples generated in Euclidean space. Our algorithm achieves reasonable
partitioning result that fits the intuition from the network topology visualization.
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Figure 4. The community structure for Gaussian mixture network with 400 nodes
obtained by our method. Only nodes 66, 159, 281 do not coincide with the initial
groups of samples generated in Euclidean space.

5.1.3. The LFR benchmarks The LFR benchmark [52, 53] is a realistic network for
community detection, that accounts for the heterogeneity of both degree and community
size. The node degrees are distributed according to a power law with exponent v and the
community sizes also obey a power law distribution with exponent 5. In the construction
of the benchmark networks, each node receives its degree once and for all and keeps it
fixed until the end. It is more practical to choose as independent parameter the mixing
parameter u, which expresses the ratio between the external degree of a node with
respect to its community and the total degree of the node. To compare the built-in
modular structure with the one delivered by the algorithm, we adopt the normalized
mutual information, which have proved to be reliable [19, 52, 53]. It is based on defining
a confusion matrix M, where the rows correspond to the real communities, and the
columns correspond to the found communities. The component of M, My, is simply the
number of nodes in the real community Sy that appear in the found community ;. The
number of real communities is denoted as NV, and the number of found communities is
denoted as Ny, the sum over row k of matrix My, is denoted as M}, and the sum over
column [ is denoted as M;. A measure of similarity between the partitions, based on
information theory, is given as

N’!‘ N n
=230 200 My log(M],l/IJ\kill)

SN My log(Me) + S0 My log(M)

In Figure 5, we show the results when we apply our algorithm to the benchmark

I(S:,Sy) = (30)

problem with n = 500. The parameters are set as Tmax = 3, Timin = 1072, a = 0.9
and R = 20. Four panels shown in the figure correspond to the results with four
pairs of exponents (v, 5) = (2,1), (2,2), (3,1) and (3,2), respectively. We have chosen
combinations of the extremes of the exponent ranges in order to explore the widest



A walidity index approach for network partitions 14

1 1
- 0.95 0.95 V ;
2 09} y=2,p=1 y=2,p=2
© 0.9
£ 085
B —@— <d>=15 —@— <d>=15
S 08 —&— <d>=20 0.85}| —m— <d>=20
= —A— <d>=25 —A— <d>=25
© 0.75 0.8
=] 0O 01 02 03 04 05 0.6 0 0.1 02 03 04 05 0.6
S
e 1 1
go
IS 0.95 0.95 ,
‘© 09 y=3,p="1 I 7=3,p=2 q
S | 0.9 |
S 0.85 : .
§ : —@— <d>=15 [ —@— <d>=15 [
0.8} —®— <d>=20 | 0.85[| —m— <d>=20 |
—A— <d>=25 I —A— <d>=25 I
0.75

0.8
0 01 02 03 04 05 06 0 01 02 03 04 05 06
Mixing parameter p

Figure 5. Test of our algorithm on the LFR benchmark problem [52, 53]. The number
of nodes n = 500. The results clearly depend on all parameters of the benchmark, from
the exponents v and § to the average degree (d). The threshold p. = 0.5, shown by
dashed vertical line in the plots, marks the border beyond which communities are no
longer defined in the strong sense, i.e., such that each node has more neighbors in its
own community than in the others. Each point corresponds to an average over 20 graph
realizations. The overall results show that our algorithm gives very good accuracy for
the detection of the communities. For the normalized mutual information, our results
are all above 0.9 when p < ., and they are also very competitive for the more diffusive
cases.

spectrum of network structures. Each curve shows the variation of the normalized
mutual information with the mixing parameter . We can see that the performance of
our method is better when the average degree (d) is larger, whereas it gets worse when
the mixing parameter becomes larger. The threshold p. = 0.5 shown by dashed vertical
line in the plots, marks the border beyond which communities are no longer defined in
the strong sense, i.e., such that each node has more neighbors in its own community
than in the others. In Figure 6, we compare our algorithm with the Infomap algorithm
[21] for the case of (d) = 20 and other parameters are chosen as (v, §) = (2,1), (2,2). Our
result shows that it is very competitive with the Infomap algorithm, especially for the
more diffusive cases when the mixing parameter p is large. These results also support
the effectiveness of our algorithm.
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Figure 6. Test of our algorithm compared with Informap algorithm [21] on the LFR
benchmark [52, 53]. The number of nodes n = 500 and the average degree (d) = 20.
Our method shows that our algorithm is very competitive with Infomap algorithm.
When p is small, both algorithms give very good accuracy which is close to 1 in term
of the normalized mutual information. For the more diffusive cases (@ > p. = 0.5),
our algorithm performs better than Infomap.

5.2. Application to real-world networks

5.2.1. Karate club network This network was constructed by Wayne Zachary after he
observed social interactions between members of a karate club at an American university
[54]. Soon after, a dispute arose between the clubs administrator and main teacher and
the club split into two smaller clubs. It has been used widely to test the algorithms for
finding communities in networks [13, 14, 15, 16, 17, 18, 22, 23].

The validity index Ve and the objective function J changed with the number of
communities N is shown in Figure 7(a) and Table 2 when only the k-means algorithm
is applied. The community structures with N = 2 and N = 3 are show in Figure
8. We can find that the optimal community structure is achieved at N = 3 and the
corresponding validity index was Ve, = 0.4711. Note that this result is different from
the original partition in Zachary’s observation. But from the network topology and the
final partition (Figure 8(b)), it is also reasonable. We remark here that four communities
are obtained in [14] with maximizing modularity. If we take SAVI by setting Ty.x = 3,
Tin = 1072, @ = 0.9 and R = 50, we obtain the same partition when N = 3. This
phenomenon is closely related to the diffusive nature of this karate club network.

5.2.2.  Dolphins network The dolphins network is an undirected social network of
frequent associations between 62 dolphins in a community living off Doubtful Sound,
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Figure 7. The validity index Ve and the objective function J changed with the
number of communities N for the karate club network, the dolphins network and the
football team network. The global minimum shows the optimal number of communities
obtained by SAVI.

Table 2. The values of V¢t and J changed with the number of communities N for
the three real-world networks including the karate club network, the dolphins network
and the football team network.

The karate club network The Dolphins network The football team network
N Vit J N Vit J N Viet J

2 0.6147  4.1798 2  0.4667 9.8349 10 0.2594  5.6511

3  0.4711 3.7372 3 0.8344  9.4243 11 0.2444  5.3985

4 1.3308  3.4463 4 0.8349 9.0751 12 0.2403 5.2169

5 22806 @ 3.1472 5 0.7757  8.7538 13 0.2634  5.1557

Figure 8. The community structure of karate club network obtained by k-means in
[22]. (a) The result with N = 2. (b)The result with N = 3 and our method SAVI
produces the same partition.
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Figure 9. The nodes shown in the Figure with the yellow and red colors correspond
to the obtained partition. The community structure of dolphins network obtained by
our method coincides with a known division [56].

New Zealand [55, 56]. The network was compiled from the studies of the dolphins, with
ties between dolphin pairs being established by observation of statistically significant
frequent association [14, 15, 16].

When only the k-means algorithm [22] is applied, the validity index Vi and the
objective function J changed with the number of communities N is shown in Figure
7(b) and Table 2. We can see the global optimal community structure is achieved at
N = 2. When SAVI is taken by setting Tiax = 3, Tmin = 1072, o = 0.9 and R = 20, we
obtain N = 2 and the corresponding Vs = 0.4667. The partitioning result is shown in
Figure 9. According to the result of SAVI, the network seems splitting into two large
communities by the yellow part and the red one, which corresponds to a known division
of the dolphin community [55, 56]. This illustrates that the validity index can reflect
the internal community character effectively.

5.2.3.  The football team network The last network we investigated is the college
football network which represents the game schedule of the 2000 season of Division I of
the US college football league [13, 20]. The nodes in the network represent 115 teams and
edges represent regular season games between the two teams they connect. The teams
are divided into conferences containing around 8 to 12 each. Games are more frequent
between members of the same conference than between members of different conferences.
Such known community structure makes this network interesting to investigate.

When only the k-means algorithm is applied, the validity index Ve and the
objective function J changed with the number of communities N is shown in Figure
7(c) and Table 2. The global optimal community structure is achieved at N = 12.
Then SAVI is operated by setting Thax = 3, Tmin = 1073, @ = 0.9 and R = 50, we
obtain N = 12 and the corresponding V, = 0.2403. The partitioning result is shown in
Figure 10. According to the result of our method, we identify the community structure
with a high degree of accuracy. Almost all of the football teams are correctly clustered
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Figure 10. The community structure of the football team network obtain by our
algorithm. Nodes in the network represent teams and edges represent games between
teams. The 12 real conferences are represented by different symbols listed in the right
box for reference. Our algorithm identifies nearly all the communities in the network
which are represented by different colors.

with the others in their conference. The teams in Independents conference, which are
denoted as green-edge box, seem not belonging to any community, but they tend to be
clustered with the conference which they are most closely associated with. The Sunbelt
conference (shaded diamond) is split into two communities and each is clustered with
a team which is less connected in Western Athletic conference (shaded triangle). Only
one member in Conference USA (shaded black-edge box), Texas Christian, is grouped
with most of the teams in Western Athletic conference (shaded triangle). All the other
communities (shaded colored ellipse) coincide with the known structure which indicates
that our algorithm performs remarkably well.

6. Conclusions

In this paper, we have proposed a new validity index function to evaluate the
goodness of community structure in networks. The proposed algorithm — simulated
annealing to minimize the validity index (SAVI), in coordination with a k-means
iteration, is constructed and successfully applied in several representative networks.
The experiments on artificial networks with a known structure show very satisfactory
results that our algorithm can identify the communities in networks with a high degree
of efficiency and accuracy. It can identify the community structure with random initial
partition during the cooling process. The optimal number of communities can be



A walidity index approach for network partitions 19

automatically determined without any prior knowledge about the community structure.
The proposed validity index is competitive with the modularity function for network
community structure in the literature [14, 15, 16, 17] and has more predictive power
than some other ways of doing network partition. Moreover, successful applications to
three real-world networks, including the karate club network, the dolphins network and
the American football team network, confirm the effectiveness of the present algorithm.
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